Capillary Assembly of Colloids: Interactions on Planar and Curved
  Interfaces by Liu, Iris B. et al.
Capillary Assembly of Colloids: Interactions on Planar and Curved Interfaces
Iris B. Liu,∗ Nima Sharifi-Mood,∗ and Kathleen J. Stebe†
(Dated: October 17, 2017)
In directed assembly, small building blocks are assembled into an organized structures under the
influence of guiding fields. Capillary interactions provide a versatile route for structure formation.
Colloids adsorbed on fluid interfaces distort the interface, which creates an associated energy field.
When neighboring distortions overlap, colloids interact to minimize interfacial area. Contact line
pinning, particle shape and surface chemistry play important roles in structure formation. Interface
curvature acts like an external field; particles migrate and assemble in patterns dictated by cur-
vature gradients. We review basic analysis and recent findings in this rapidly evolving literature.
Understanding the roles of assembly is essential for tuning the mechanical, physical, and optical
properties of the structure.
I. INTRODUCTION
Over the past decade, the advent of complex colloids
as building blocks has fueled intense interest in their
organization and assembly to form new materials [1].
Anisotropic colloids with non-spherical shapes or patchy
surfaces offer important degrees of freedom, including
complex, directionally dependent potentials [1, 2]. So-
phisticated assembly schemes include design of particle
shape and chemistry to favor the formation of particular
superstructures. For example, colloid shape can be de-
signed to assemble into complex crystalline structures via
emergent interactions owing to features like sharp edges
and planar facets [3, 4], or to interact specifically via
lock-and-key interactions [5]. Colloidal surface chemistry
can be tailored, for example, via grafting of DNA [6–10]
or tailored wetting [11–14] to drive particular structure
formation. These examples exploit weak, O(kBT ), inter-
actions to direct assembly. In other modes of directed
assembly, applied electro-magnetic fields guide assembly.
Particle interactions with the field and each other are typ-
ically very strong, and the resulting structures are often
trapped. Particles or their assemblies orient and move
along field lines to form superstructures with symmetries
coupled to the field itself. Examples include para- or fer-
romagnetic colloids chaining along magnetic fields gradi-
ents [15–17] and dipolar particles chaining in electric field
gradients [18, 19]. In our research, we focus on fields that
can direct colloid assembly because they rely on energy
landscapes in confined soft matter. Examples include
interface-shape mediated capillary energy fields for par-
ticles on fluid interfaces [20], membrane-shape mediated
fields for colloids on lipid bilayer membranes [21], and
elastic energy fields for colloids in confined nematic liq-
uid crystals [22–25]. These fields are remarkably versatile
in their ability to guide microparticles into well defined
structures. Furthermore, because they depend on the soft
matter’s configuration, which can be dynamically tuned,
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they are routes to reconfigurable structures.
In this review we discuss capillary interactions between
microparticles at fluid interfaces. Classically, colloids
trapped at fluid interfaces have been exploited to stabilize
emulsions and foams [26]. The colloids can bring added
functionality, for example, as catalysts [27] or as respon-
sive structures to dynamically (de)stabilize emulsions
[28]. Particles at interfaces can form disordered struc-
tures [29] or ordered monolayers [30]. For ordered sys-
tems, interface curvature imposes topological constraints
[31–33]. Electrostatic interactions between particles are
known to play important roles in structure formation at
interfaces, as has been widely discussed [34–37]. There
are several excellent reviews that address these topics,
which are outside the scope of this review [38, 39].
At the scale of hundreds of microns to millimeters,
there are many familiar examples of capillary interac-
tions. In nature, ”water striders” exploit surface ten-
sion to support their weight, and propel themselves us-
ing hydrophobic legs [40]. The oft-cited Cheerios effect
is another example, in which pieces of breakfast cereal
cluster on the surface of a bowl of milk [41]. The heavy
pieces distort the interface around them, and interact
to lower the interfacial and gravitational potential ener-
gies [42, 43], although details in the interface deforma-
tion around the morsels of cereal probably play a role
in the near field. By dynamically tuning the interface
around them, whirligig beetles raft to form chains and
other structures [44], and waterlily leaf beetles larvae
move along curved menisci [45]. These examples show
that capillary interactions are highly shape dependent.
The concept of designing particle shape to interact specif-
ically was explored in an exciting body of work at this
scale decades ago [46–48]. Particles were designed with
faceted shapes; some facets were well wet, others were
not. At fluid interfaces, to minimize the excess area, they
assembled to bring well-wet facets in contact, and poorly
wet facets in contact, to form well defined structures.
In this review, we focus on capillary interactions as a
means of microparticle assembly. We focus on interac-
tions between colloids up to tens of microns, including
disks, spheres, cylinders and ellipsoids. When micropar-
ticles are introduced to the interface by spreading or sed-
imentation from a dense suspension, they can become
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2trapped in disordered layers owing to the strength of near
field capillary interactions between them (colloidal mono-
layer membrane). However, if particles are sparse, or are
introduced by sequential addition, they can assemble in
preferred configurations to form a range of structures.
Furthermore, at this length scale, interface curvature acts
like an external field; particles move along curvature gra-
dient lines to particular sites and form structures related
to the underlying curvature gradients. Thus, at the mi-
croscale, complex structures can be formed even from
simply shaped particles without complex, tailored wet-
ting conditions.
In this review we describe key concepts in the underly-
ing physics of particles at fluid interfaces, drawing in part
on notes prepared for the summer school 2015 Interna-
tional School of Physics ”Enrico Fermi”[49]. We review
recent advances in the literature, and identify open issues
and areas of ongoing research in the field.
II. SIMPLIFICATIONS OWING TO PARTICLE
SIZE
Capillary interactions occur between microparticles
trapped at fluid interfaces as they move to minimize the
interfacial area. In the event of contact line motion,
particles move to minimize the sum of the energies
owing to interface area and wetting energies. These
interactions are determined by the wetting configuration
of the particle and the shape of the interface around the
particle. Typically, because of their microscopic radii a,
several forces or stresses can be neglected, simplifying
analysis of the particle interaction. We enumerate
several of these effects here.
(i) Particle weight or buoyancy can typically be ne-
glected, with the Bond number:
Bo = ρga2
/
γ  1, (1)
where γ is the surface tension, ∆ρ is the difference in
fluid densities, and g is the acceleration due to gravity.
(ii) Particle inertia can typically be neglected. Once
attached to fluid interfaces, particles typically move in
creeping flow, with Reynolds number:
Re = ρUa/µ 1, (2)
where µ is a characteristics viscosity of the fluids near
the interface and U is the characteristic particle veloc-
ity. In this case, the sum of forces on the particles is zero.
(iii) The interface shape is typically independent of
particle velocity. The magnitude of viscous stresses com-
pared to surface tension is negligible, with capillary num-
ber:
Ca = µU/γ  1. (3)
This allows quasi-static analysis; at any instant in time,
capillary interactions are determined by the interface
shape, which is determined only by the particle locations
and contact line configurations.
(iv) Capillary interactions are often so strong that
Brownian effects are negligible, with the Pe´clet number,
Pe = Ua/D  1. (4)
where D is the Stokes-Einstein diffusivity of the particle
in the interface, and U is the characteristic velocity
of particle migration. In this limit, in creeping flow,
capillary forces are balanced by viscous drag. This
equality allows particle paths to be analyzed to find
energy lost to viscous dissipation, and to infer capillary
energy landscapes along those paths.
(v) Particles can deform the interface, with distortions
that decay over distances comparable to the particle ra-
dius. In analysis, the height h of the interface around the
particle above a reference plane tangent to the interface
is often described in a Monge gauge, i.e., interface height
h(r) is a single valued function, where r is a position vec-
tor on the interface. Interface slopes are often assumed
to be small compared to unity. In this limit, the shape
of the interface is governed by
∇2h = ∆P
γ
. (5)
where ∆P is the pressure difference evaluated at the in-
terface. For constant mean curvature interfaces, the in-
terface obeys:
∇2h = 0. (6)
There is, however, a body of work for particles on
curved interfaces in which the particle-sourced distor-
tions are assumed to decay slowly compared to the radius
of curvature [50, 51], or to move to finite slope [52]. We
do not address those limits here.
In the following sections, we discuss theory for particles
at interfaces and review key findings. Since we focus on
the roles of interface shape and wetting configurations,
the theory applies equally to interfaces between immis-
cible fluids. We discuss, in turn, isolated particles, pair
interactions and particles at curved fluid interfaces.
III. TRAPPING OF ISOLATED PARTICLES ON
PLANAR INTERFACES
Consider a particle in suspension near a planar fluid
interface. When the particle attaches to the interface,
it eliminates a patch of solid-liquid contact ∆ASL and
makes a hole in the interface of area ∆ALV . Furthermore,
it can make distortions in the surrounding interface with
area δA. The net energy change or trapping energy is:
∆E = (γSL − γSV )∆ASL + γ∆ALV + γδA. (7)
3where γSL and γSV are the surface energies of the solid-
liquid and solid-vapor surfaces. When the trapping en-
ergy is large compared to kBT , the particle is trapped,
i.e., it cannot spontaneously leave the interface. We dis-
cuss the trapping energy for two scenarios shown in Fig-
ure 1.
A. Trapping energy for a sphere at equilibrium
The case of a perfect sphere at equilibrium with con-
tact angle θ0 is an important ideal limit. The particle
can attach without deforming the surrounding interface,
so δA = 0, and the contact line is simply a circle in the
plane of the interface [30]. The trapping energy is:
∆E = −γpia2(1− |cos θ0|)2. (8)
where θ0 is defined by the balance of the surface energies
tensions given by the Young’s equation,
cos θ0 =
γSV − γSL
γ
. (9)
By attaching, the particle reduces the area of the liquid
vapor interface, lowering the system energy. This effect
is modulated by the particle wetting properties. The
trapping energy is remarkably large. For example, for
air-water interfaces, the surface tension is γ = 72 mN/m
or 18 kBT
/
nm2. Typical trapping energies for micropar-
ticles can be 105 − 106 kBT .
a"
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FIG. 1. Particle trapped at a fluid interface. Schematic
of particle adsorption on an interface with (a) an equilib-
rium contact angle, and (b) pinned contact line. The gray
solid lines represent the solid-vapor interfaces and the purple
dashed lines represent the solid-liquid interfaces. (c) Glassy
pinned contact line dynamics for different surface functional
groups. Reprinted by permission from Macmillan Publishers
Ltd: Nature Materials, Reference [53], copyright (2011).
B. Contact Line Pinning
This simple picture is complicated by contact line pin-
ning on nanoscopic sites of roughness or chemical hetero-
geneity, for which there is now strong experimental evi-
dence, even for simple, apparently homogeneous spherical
polystyrene microparticles [53]. Pinned contact lines al-
ter trapping energies fundamentally, as particles with un-
dulated contact lines distort the interface around them,
so δA 6= 0. The implications of contact line distortion on
isolated trapped particles are still being resolved [53–55].
For isolated particles, contact line pinning changes the
trapping energy by the amount γδA; this is termed a self-
energy contribution [39]. As we discuss below, particle-
sourced interface distortions are the source of capillary
pair interactions. Here, we review recent literature on
contact line pinning for particles at interfaces.
Spherical microparticle attachment to the interface oc-
curs via a rapid snap-in event, followed by a slow wetting
as the contact line moves toward equilibrium [53, 55–58].
Snap-in includes a rapid opening or breaching of the in-
terface, and as well as the formation of a contact line
on the particle surface. Immediately after snap-in, parti-
cles oscillate owing to inertia associated with this event.
In experiments with glass microbeads with various sur-
face chemistries and radii, snap-in occurred within 0.1ms,
reflecting a balance of inertia and surface tension inde-
pendent of particle wetting; the snap-in force however,
depended on particle size and wetting [56]. Once the
oscillations end, the contact line exhibits slow, glassy dy-
namics as it approaches equilibrium [53, 55]. Contact line
motion occurs with negligible capillary number Ca based
on contact line velocity, so viscous effects, typically im-
portant for contact line motion in dynamic spreading [59]
are negligible. Using holographic imaging to track the
position of a polystyrene colloid near a decane-water in-
terface, the contact line was inferred to move slowly, i.e.,
logarithmically in time for particles close to equilibrium.
Because of these slow kinetics, similar particles with dif-
fering breach times have different wetting positions in the
interface. The observed logarithmic relaxation is consis-
tent with a model in which the contact line is pinned
at nanoscopic heterogeneities with hopping frequencies
given in terms of the Blake-Haynes model from molecu-
lar kinetic theory [60]. Further analysis and supporting
molecular dynamics simulation reveals contact line re-
laxations are initially exponential with a visco-capillary
time scale, then exhibit slow logarithmic aging like that
captured in experiments, and finally exhibit exponential
decay to equilibrium, suggesting that the glassy dynam-
ics end [57]. Recent studies of particles made of different
materials show that the glassy contact line dynamics are
generic, but the energy of pinning sites varies strongly
for different materials as presented in Figure 1c [55].
Contact line pinning may have important dynamical
consequences even for isolated particles attached at the
interface; pinned states, and associated enhanced dissi-
pation owing either to contact line hopping or interaction
4of the undulated interface with capillary waves were in-
voked in a recent study reporting unexpectedly high drag
on Brownian particles adsorbed from suspension in air at
air-water interfaces [54].
C. Trapping energy for a particle with a pinned
contact line
For spherical particles with pinned contact lines, there
are several unknown aspects that complicate evaluation
of the trapping energy. These include the unknown angle
characterizing the degree of immersion of the particle in
the fluid, θtr, the unknown contact line shape, and the
associated area of particle-sourced deformation in the in-
terface δA. In the limit of small slopes, the shape of the
contact line can be decomposed into Fourier modes [61],
and δA can be found by determining the height h of the
interface around the particle above the reference plane
and evaluating the associated area for each mode. The
shape of the interface is given by a decaying multipole
expansion expressed in a polar coordinate system (r, φ)
in the plane of the interface with origin at the center of
the hole made by the particle in the interface. Each order
of this expansion is excited by the corresponding Fourier
mode at the contact line:
h(r, φ) = b0 ln r +
∞∑
m=1
cmr
−m cos(mφ+ αm). (10)
where αm is the phase angle of mode m. Since body
forces and torques on the particles are negligible, me-
chanical equilibrium requires that b0 = c1 = 0. Thus the
quadrupolar distortion is the first surviving mode in the
interface distortion [61]. Letting hqp be the amplitude of
this mode, the interface height to leading order is:
h(r, φ) = hqp
a2
r2
cos 2φ. (11)
This term describes the long-range interface distortion
from any particle with any undulated contact line; the
existence of this mode gives rise to universal behavior
between interacting particles in the far field, and for small
particles at curved fluid interfaces.
To evaluate the trapping energy for a particle, δA must
be evaluated. Dividing the particle-free interface into two
domains, I and P , where the domain P is occupied by
the particle after attachment, and the domain I is outside
of the contact line (Fig. 2), the area can be evaluated in
the limit of small slopes:
δA ≈
∫∫
I
∇h · ∇h
2
rdrdφ = pih2qp. (12)
The trapping energy for the particle can be evaluated
thus:
∆Eplanar = −γpia2(1− |cos θtr|)2 + γpih2qp. (13)
The first term is similar to the equilibrium case except
that the angle characterizing the degree of immersion in
the trapped state θtr replaces θ0. The second term is the
’self energy’ of the particle, i.e. the energy cost associ-
ated with the area of the distortion around the particle.
Similar terms appear from the higher order modes in the
multipole expansion [61, 62].
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FIG. 2. Schematic of a spherical particle (a) immersed in
vapor phase and becomes (b) adsorbed to a liquid-vapor in-
terface. Inset: top view of a particle (P, particle domain) on
an interface (I).
D. Nonspherical Particles
The contributions to the trapping energy remain the
same for complex shaped particles. These include the
energy decrease caused by the hole in the interface, mod-
ulated by the particle wetting energies, and the energy
owing to the excess area of the interface distortion. The
evaluation of each contribution is difficult for many rea-
sons. The equilibrium wetting configuration of complex
shaped particles cannot typically be derived analytically
[63–65]. Thus, the size of the hole in the interface, the
height of the particle, and the interface distortion must
typically be found via simulation. Furthermore, contact
line pinning occurs on these particles, so, though simu-
lated equilibrium wetting configurations lend guidance,
they do not suffice to predict the dynamic state of the
interface and the particle. There are, however, important
simplifications that can be made to make some progress.
Pinned contact lines around non-spherical particles can
be decomposed into Fourier modes; interface distortions
can be described in multipole expansions. For elon-
gated particles, an expansion in ellipsoidal coordinates
for a particular particle aspect ratio is appropriate [66].
The quadrupolar modes in this coordinate accurately de-
scribes the far field interface shape for elongated particles
[63].
E. Key Findings for Isolated Particles
Anisotropically shaped microparticles attach to inter-
faces via a process related to that for spheres. However,
the highly non-uniform dynamic contact angle along the
contact line contour as the particle enters the interface
5gives interesting dynamics [67]. An ellipsoidal micropar-
ticle enters the interface via a rolling motion consistent
with non-uniform displacement of contact line segments;
segments with greater differences between the θtr and
θ0 moved faster. These observations imply that differ-
ing, time dependent surface deformations can be made
by similar particles. Complex shaped particles, whether
they are adsorbed from suspension or spread via solvents
can assume a variety of configurations [63, 68–72]. As a
crude guiding principle, isolated particles often assume
orientations in which they make the largest hole in the
interface; e.g. elongated particles have their long axes
in the plane of the interface. Examples shown in Fig-
ure 3a-b include prolate ellipsoids spread using isopropyl
alcohol at water-air interfaces [68, 69, 72], right circu-
lar cylinders placed at aqueous-air interfaces via spread-
ing solvent [63, 70, 73] or adsorbed from suspension at
hexadecane-water interfaces. In contrast, thin disks typ-
ically adsorb at aqueous-oil interfaces with their circular
face in the interface [74].
Anisotropic microparticles can make very strong dis-
tortions in fluid interfaces that can be imaged via in-
terferometry [63, 69] and compared to simulated equi-
librium wetting configurations [68]. Distortions around
prolate ellipsoids and cylinders have quadrupolar symme-
try. Observed interface shapes agree well with the height
of quadrupolar modes in elliptical coordinates within a
few radii of contact with the particle [63, 65], a fact that
facilitates analysis. In the very near field, however, only
simulations capture details [75], in particular near fea-
tures like sharp edges and corners. In most simulations
[65, 76], equilibrium contact angles are assumed in the
near field, in spite of the importance of pinned contact
lines. Finer features also play a role, including particle
roughness [77]. To investigate these effects, particles de-
signed to form wavy contact lines with wavelength and
amplitude small in comparison with the particle length
have been studied [78]; the distortions made by the wavy
features decay over distances similar to their wavelength
and change the energy landscape only in the near field
around the particle (Fig. 3c). These will have implica-
tions in pair interactions.
Finally, while the quadrupole is the leading order dis-
tortion for the interface in the far field absent external
forces, there are particle configurations that excite higher
order modes, e.g. simulations of cuboid-shaped particles
show that, in certain orientations, particles excite well-
defined hexapolar modes in the interface [76].
F. Summary
Particles become trapped at planar fluid interfaces.
Perfectly smooth spheres with equilibrium wetting condi-
tions leave the interface around them unperturbed. How-
ever, particles with pinned contact lines, patchy wet-
ting or non-spherical shapes distort the interface around
them. The associated self-energies contribute to the trap-
ping energy of the particle. Distortions due to various
particle features decay at different distances from the par-
ticle. All particles make quadrupolar distortions in the
far field; higher order modes owing to complex contact
line shapes decay more rapidly. Within a few particle
radii of contact, features like particle elongation become
apparent; closer still, contact line waviness due to parti-
cle geometry, roughness or pinning, and sharp edges play
a role [78]. The distortion fields around microparticles
at interfaces play a central role in pair interactions, as is
discussed in section IV below.
IV. PAIRS OF PARTICLES ON PLANAR
INTERFACES
Particles interact at fluid interfaces to minimize the in-
terfacial area. Interactions between capillary multipoles
are often likened to those between charge multipoles ex-
cept that like charges attract. In this rubric, regions
above the reference plane are positive while those be-
low the reference plane are negative. When distortions h
from neighboring particles overlap, particles orient and
migrate so that regions with ”like charge” overlap. In
this way, the slope of the interface, and the area δA ow-
ing to the distortions, decreases. (We revisit the analogy
to electrostatics in section 5.1, below.) As particles ap-
proach, different parts of their distortion fields interact
depending on their separation distance. Interactions first
occur because of their quadrupolar modes. Closer to con-
tact, higher order modes, near field distortions, and the
presence of corners and edges play roles. Furthermore, re-
arrangement of wetting configurations and contributions
from the associated solid-liquid wetting energies can, in
principle, play a role. All of these have been discussed
in prior literature [39, 61, 62, 64, 65]. Therefore, we dis-
cuss main concepts and findings in only a cursory manner
here, and refer the interested reader to those reviews for
a more thorough treatment.
Below, we derive the capillary energy of interaction
between two colloidal particles with pinned contact lines
on an otherwise planar interface, using the method of re-
flections, and compare this to the exact solution in bipo-
lar coordinates. This treatment differs from the seminal
work in the literature [61] in that we do not adopt the
superposition approximation.
A. Method of Reflections
Particles 1 and 2 of radius a are separated by distance
r12, with a/r12  1 (see Fig. 4a). Both particles have
pinned contact lines with quadrupolar modes of ampli-
tude hqp. In isolation, the shape of the interface around
each colloid can be expressed in terms of polar coordi-
nates (r1, φ1) and (r2, φ2) located at the centers of the
6FIG. 3. Nonspherical particle deformation on planar interfaces. (a) Simulated profile of an isolated ellipsoid (Aspect Ratio
or AR=6.9) comparing to the Phase Shifting Interfereometry (PSI) image. Reprinted with permission from Reference [69]
(https://doi.org/10.1103/PhysRevLett.97.018304); copyright 2006 by the American Physical Society. (b) Environmental SEM
image of a SU-8 microcylinder (AR=3) on a gelled fluid interface and simulated excess area map of a cylindrical particle.
Adapted with permission from [63]. Copyright 2010, ACS. (c) SEM image of wavy particles and their deformation at the
air-water interface; scale bar 50 µm. Adapted from Reference [78] with permission from The Royal Society of Chemistry.
particles:
h1 = hqp
a2
r21
cos 2(φ1 − α1) (14)
and
h2 = hqp
a2
r22
cos 2(φ2 − α2), (15)
where α1 and α2 denote the phase angles of particles with
respect to the line connecting particle centers. A Taylor
Series expansion of the distortion owing to particle 2 near
particle 1 yields:
h2 = h2|r12 + r1 · ∇h2|r12 + r1 ·
∇∇h2
2
∣∣∣∣
r12
· r1 + ...,
(16)
where r1 is the position vector from the origin at particle
1 and r12 is the vector from the origin to particle 2. In the
above expression, the first two terms are changes to the
height and slope; absent body forces and torques, particle
1 adjusts its height and tilt to eliminate these terms. The
third term is the curvature field created by particle 2 in
the vicinity of particle 1. This term is the leading order
distortion made by particle 2 near 1, and defines the far
field distortion h∞ for particle 1 [79, 80]. The shape
of the interface around particle 1 in the plane tangent to
the interface can be found by solving this boundary value
problem:
∇2h1 = 0, (17)
with the boundary condition at the contact line:
h1(r1 = a) = hqp cos 2(φ1 − α1), (18)
and in the far field,
h1(r1 →∞) = h∞ = 3hqp a
2
r412
r21 cos 2(φ1 + α2). (19)
Solving for the interface shape around the particle,
h1 = 3hqp
a2
r412
r21 cos 2(φ1 + α2) + η1 (20)
and
η1 = hqp
a2
r21
cos 2(φ1 − α1)− 3hqp a
2
r412
a4
r21
cos 2(φ1 + α2).
(21)
The disturbance η1 includes the particle sourced term
and an induced or reflected term “undoing” the curvature
created by particle 2.
To calculate the area associated with this disturbance
field δA1 around particle 1, we evaluate:
δA1 ≈
∫∫
I
∇h1 · ∇h1
2
r1dr1dφ1 −
∫∫
I
∇h∞ · ∇h∞
2
r1dr1dφ1.
(22)
δA1 contains three terms; the self energy that occurs for
isolated particles, a pair interaction energy that depends
on r12, and a higher order term that makes negligible
contributions to leading order. Taking the difference in
energies for finite r12 and for infinite separations, the
capillary energy for particle 1 interacting with particle 2
to leading order is:
∆E1 = −6γpihqp2 a
4
r412
cos 2(α1 + α2). (23)
Particle 2 has an identical contribution, so:
∆E = 2∆E1 = −12γpihqp2 a
4
r412
cos 2(α1 + α2). (24)
The interface shape can be solved exactly in bipolar co-
ordinates [62, 81] for pinned quadrupolar contact lines on
both particles. The result, however, includes changes in
height and slope from the neighboring particle that are
not present in the absence of body forces and torques.
By amending the boundary condition at the contact line
to remove these effects, the interface height and the ex-
cess area around both particles 1 and 2, δA can be cal-
culated analytically. The resulting interaction energy is
compared to the pair interaction energy in Equation 24
in Figure 4b. The two solutions agree for particles more
7than a radius from contact. However, very near to con-
tact, there is a deviation between the two solutions. This
deviation indicates the importance of higher-order reflec-
tions in the near field.
The pair-interaction energy between particles predicts
that particles attract only if they are in mirror-symmetric
orientations i.e., α1+α2 = 0
◦ (Fig. 4c). Particles that are
mis-aligned rotate to assume mirror-symmetry, and then
migrate. For common fluid interfaces, γ ∼ 10kBT/nm2.
Particles with contact line distortions as small as 2nm
can have more than 10kBT of interaction at center to
center separations of several radii. Microparticles with
rough surfaces, anisotropic shapes or patchy wetting can
have contact lines with far larger amplitude modes. The
attractive capillary force corresponding to the energy ex-
pression of Equation 24 ∼ r−512 . For particles moving
in creeping flow, this force is counterbalanced by vis-
cous drag ∼ dr12/dt. This balance requires that particles
move with a power law r12 ∼ (tf − t)1/6 [68].
FIG. 4. Schematic of pair of particles interacting with
their quadrupoles. (a) Spheres separated by distance
r12 align in mirror symmetric orientation where the dou-
blesided arrows indicate the rise of the interface, and α1
and α2 define the phase angle for particle 1 and 2, re-
spectively. (b) Non-dimensional interaction energy compar-
ison between the method of reflections and the exact solu-
tion from bipolar coordinate calculation. Inset: Near field
comparison of the two methods [49]. (c) A pair of in-
teracting spheres with their quadrupoles co-aligned (rise-
to-rise). Reprinted with permission from Reference [61]
(https://doi.org/10.1103/PhysRevE.62.5263); copyright 2000
by the American Physical Society.
B. Key Findings of Interactions on Planar
Interfaces
The strong deformation fields around anisotropic par-
ticles make them excellent vehicles for studying capillary
interactions. Here we focus on ellipsoids and cylinders,
and the role of particle roughness. The dynamics of mi-
croparticle assembly were first observed for ellipsoids at
a water-oil interface a decade ago [68], motivating inter-
est in ellipsoidal particle assembly [65, 66, 75, 82, 83].
The particles, with major axis ∼ 10µm and minor axes
∼ 2µm interacted over distances as great as six parti-
cle lengths with weakly Brownian trajectories in the far
field, and well determined paths in the near field. Parti-
cles approached in either tip-to-tip and side-to-side con-
figurations (Fig. 5a-c). For tip-to-tip interactions, the
particles obeyed the expected power law for interacting
polar quadrupoles in the far field. For side-to-side ar-
rangements, a lower exponent was reported; subsequent
detailed simulation shows that contributions from higher
order modes are significant at separations as large as
four particle lengths [75]. The capillary energy change
along a trajectory, inferred from viscous dissipation, was
very strong, ∼ 104kBT . Particles assemble tip-to-tip for
polystyrene particles or side-to-side for silica coated par-
ticles [68]. The existence of these preferred alignments is
an interesting feature, as the theory described in section
IV does not predict this effect. Theory for pairs of in-
teracting elliptical quadrupoles does predict mirror sym-
metric approaches, tip-to-tip assembly at contact, and
rotation to side-to-side alignment after contact [63]. De-
tailed simulation of the interface between ellipsoids near
contact also predicts side-to-side assembly [65, 75]. Thus,
near field capillary interactions favor side-to-side arrange-
ments. The tip-to-tip arrangement might be enforced
by electrostatic repulsion, known to be significant for
polystyrene particles at water-oil interfaces. Indeed, par-
ticles with scant surface charge (PMMA or poly(methyl
methacrylate) microparticles) assemble side-to-side, as
shown in Figure 5b [72]. Similar arrangements have been
reported for diverse ellipsoidal shaped objects, includ-
ing mosquito eggs [66] and whirligig beetles [44]. The
mechanics of these structures is rich. Particles chained
tip-to-tip rotate freely while maintaining contact, while
chains of side-to-side particles can bend weakly under
compression.
Crowded interfaces of ellipsoids also have interesting
behavior that we describe only briefly. Simulation of
weakly non-spherical particles assuming pairwise additiv-
ity suggests that even nanometric deviation from spheric-
ity can drive capillary assembly of ellipsoids into a vari-
ety of structures that include dendritic-trapped configu-
rations, rafts and hexagonal lattices [84]. The rheology
of rafts of ellipsoidal particles in tip-to-tip assembly dif-
fers from sphere-laden interfaces; particle monolayers are
elastic at low surface area fractions and yield via a se-
ries of flipping events under compression [85], and this
has major implications in important processes like con-
vective assembly within evaporating drops [29].
Cylindrical microparticles interact over distances com-
parable to ten particle lengths, with excellent agreement
with the power law for interacting polar quadrupoles in
the far field as presented in Figure 5d-e [63]. If the parti-
cles are already oriented end-to-end, they maintain that
alignment until contact. However, if they are oriented
side-to-side, they rotate while maintaining mirror sym-
metry to assemble and form a straight and rigid dimer.
On sparse interfaces, long chains comprising many cylin-
ders form.
8FIG. 5. Interactions of complex shaped particles. (a) Time lapsed optical microscopy image of a pair of interacting el-
lipsoids trapped at the air-water interface. Scale bar: 19.4 µm. Reproduced with permission from Reference [83]. Copy-
right IOP Publishing & Deutsche Physikalische Gesellschaft. CC BY-NC-SA (b) Smectic-like assembly of sterically stabi-
lized PMMA ellipsoids in side-to-side conformation. Scale bar: 10 µm Reprint with permission from [72]. Copyright 2010,
ACS. (c) Tip-to-tip assembly of polystyrene ellipsoids; scale bar 13.6 µm. Reprinted with permission from Reference [68]
(https://doi.org/10.1103/PhysRevLett.94.018301); copyright 2005 by the American Physical Society. (d) Time lapsed image of
cylindrical SU-8 micro cylinders assemble in mirror symmetric orientation to form an end-to-end chain (top: optical microscopy
image; bottom: simulation). (e) Power law dependence of separation distance as a function of contact time, where tf is the
time in seconds when the pair of cylindrical particles contact end to end. (d)-(e) Adapted with permission from [63]. Copyright
2010, ACS. (f) Wavy SU-8 particles of mismatched wavelengths assembled into a structure with an equilibrium separation
distance. Scale bar: 100 µm. Adapted from [78] with permission from The Royal Society of Chemistry.
The chains of cylinders are remarkably rigid, failing to
bend or break even under significant torque applied by
rotating them in a magnetic field. To understand this
effect, cylindrical microparticles near contact were com-
pared to ellipsoidal particles near contact in simulation
[65]. Cylinders were simulated in an end-to-end align-
ment, and then in arrangements where they rotated from
that end-to-end alignment (Fig. 5d). The steric barrier
posed by the particle’s sharp edges and the associated
rearrangements of the capillary bridge between the par-
ticles give rise to a strong energy barrier to rotation that
enforces the rigid end-to-end alignment. These features
are absent on ellipsoids, which can roll over each other
freely near contact; the associated energy landscape indi-
cates that the capillary bond between pairs of ellipsoids
is elastic, so chains of side-to-side ellipsoids are flexible,
whereas chains of cylinders should remain aligned until
they snap under applied torque.
It is interesting to ask whether particles come to con-
tact, and what would limit their proximity. In an early
study, particle roughness was suggested as a source of re-
pulsive capillary interactions. Wavy contact lines pinned
on the rough sites would create local disturbances near
the particle, which is important only in the very near field
[77]. When neighboring particles approach, these distur-
bances would interact. If they matched perfectly, with
identical wavelengths, phases and amplitudes, particles
would attract. However, if they differ, as would be ex-
pected for random roughness, particles would be repelled.
This concept was recently demonstrated using particles
with wavy edges [78]. In the far field, these particles ex-
perience the usual capillary attraction. However, when
distortions from the wavy contact lines overlap, parti-
cles with differing undulations are repelled, as shown in
Figure 5f.
C. Summary
Particles with pinned contact lines interact via capil-
larity over remarkable distances. Anisotropic particles
align as they migrate to preferred configurations. In the
near field, details in the particle shape play major roles
in determining the strength of the interactions, and the
distance of closest approach. In his analysis of particle
interactions in the far field, Stamou noted that one par-
ticle moved in the curvature field of its neighbor [61]. In
principle, however, any means of pinning or distorting
the interface far from the particle can create a curvature
field. It is a natural extension to consider particles on
curved interfaces.
V. CURVATURE CAPILLARY ENERGY
When a particle with a pinned, undulated contact
line attaches to a curved fluid interface, the interface
curvature alters the trapping energy. In the limit of
9small slopes, for particles small compared to the prin-
cipal radii R1, R2, the host interface near the particle
center can be expanded in terms of the mean curvature
H0 =
1
2 (c1 + c2) =
1
2 (
1
R1
+ 1R2 ) and the deviatoric curva-
ture ∆c0 = c1 − c2 = 1R1 − 1R2 , where c1 and c2 are the
principal curvatures evaluated at the particle center of
mass. In the absence of the particle, the interface shape
is
h0 =
r2H0
2
+
∆c0
4
r2 cos 2φ. (25)
When a particle attaches to the curved interface, the
trapping energy is:
∆E = (γSL − γSV )∆ASL + γ∆ALV + γδA+ PV work.
(26)
We consider the right-hand side of this expression term
by term. The wetting energies are unchanged from the
planar case given the symmetries of the Fourier modes
that describe the contact line. The hole made by the par-
ticle in the interface and the area in the distortion field
both depend on the curvature field, and must be com-
puted. Finally, changes in height owing to the particle
require PV work against the pressure jump at the inter-
face. To evaluate these terms, we find the disturbance
made to the interface shape by the particle η = h − h0,
which requires solution of a simple boundary value prob-
lem:
∇2h = 0, (27)
h(r = a) = hqp cos 2φ, (28)
h(r →∞) = h0, (29)
h = h0 + ηqp + ηin (30)
= h0 + hqp
a2
r2
cos 2φ− a
2∆c0
4
a2
r2
cos 2φ+ ω0.
The disturbance η has two parts: the particle imposed
distortion ηqp and the induced disturbance or reflected
mode ηin (Fig. 6). Additionally, the particle shifts ver-
tically to situate itself in the interface with finite mean
curvature ω0 =
a2H0
2 ; this requires PV work:
∆P
∫∫
P
(h0 − H0a
2
2
)rdrdφ = −γpia2H
2
0a
2
2
. (31)
The area of the interface is given by the sum ∆ALV +δA.
By attaching to the interface, the particle forms a circular
hole with area pia2, with a correction owing to curvature:
∆ALV = −
∫∫
P
(
∇h0 · ∇h0
2
)rdrdφ = −pia2(1 + a
2H20
4
+
a2∆c20
16
).
(32)
To evaluate δA, several contributions must be evaluated.
δA =
∫∫
I
(
∇ηin · ∇ηin
2
)rdrdφ+
∫∫
I
(∇ηin · ∇ηqp)rdrdφ
+
∫∫
I
(
∇ηqp · ∇ηqp
2
)rdrdφ+
∫∫
I
(∇η · ∇h0)rdrdφ.
(33)
The first term in this expression is the area from the
induced disturbance around the particle. The divergence
theorem requires that this term be equal and opposite to
the deviatoric curvature correction to ∆A. The second
term is the interaction of two disturbance terms:∫∫
I
(∇ηqp · ∇ηin)rdrdφ = −pi
2
∆c0a
2hqp. (34)
The third term is the area from the particle sourced dis-
turbance, evaluated previously, and the final term is iden-
tically zero. Gathering terms, the trapping energy on a
curved interface is:
∆E = ∆Eplanar − γpia2(3a
2H20
4
+
hqp∆c0
2
), (35)
where ∆Eplanar is defined in Eq. 13. The trapping en-
ergy is reduced by interface curvature. In this discus-
sion, we assumed that the particle’s quadrupolar mode
was aligned with the saddle shape of the interface. If
this were not the case, there would be a capillary torque
exerted on the particle which would cause the particle to
align [73], and the energy expression becomes:
∆E = ∆Eplanar − γpia2(3a
2H20
4
+
hqp∆c0
2
cos 2α),
(36)
where α is the angle between the quadrupolar rise axis on
the particle and the first principal axis. Finally, through-
out this discussion, we have assumed that θtr = 90
o. If
that were not the case, in all pre-factors, the radius a
should be replaced with asinθtr.
This expression has important consequences for par-
ticles in varying curvature fields. We have focused on
constant mean curvature interfaces, for which we define
the curvature capillary energy at a given position of the
interface Ecc = ∆E −∆Eplanar:
Ecc = −γpia2(hqp∆c0
2
cos 2α). (37)
This predicts a local torque enforcing alignment along
the principal axes and a force on the particle propelling
it toward high curvature regions. This expression is sim-
ilar to Equation 24, in which one particle moves in the
curvature field made by its neighbor. In that case, the
neighboring particle made a deviatoric curvature field in
the interface ∆c0 = 12hqp
a2
r412
cos2(φ+ α1).
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FIG. 6. Schematic of a spherical particle with quadrupolar
deformation on a curved interface where the particle-induced
distortion is denoted ηin.
A. Analogies to Electrostatics
Capillary interactions are similar to electrostatic inter-
actions [86]. The electrostatic energy U is often likened
to the capillary energy. We explore this concept further
for a disk that is attached to a curved interface. First we
compare a disk with a circular, pinned contact line to a
grounded disk in an external field. Then we consider a
disk with a quadrupolar undulated contact line in com-
parison with a disk having a quadrupolar edge potential.
The interface height above the plane of the interface
h is analogous to the electrostatic potential ψout exter-
nal to the particle. The potential at the particle edge
corresponds to boundary conditions on h at the contact
line. Particles with finite edge potentials, however, have
two quantities that are absent in capillarity; these include
the electrostatic potential inside the particle ψin and the
charge density at the contact line σ.
We evaluate U for a disk in an external field of form
ψext = ψ0
r2
a2
cos 2φ. (38)
1. A grounded disk in an external field
Consider a grounded disk with radius a in an unbounded
domain I in a far field potential ψext. The potentials
inside ψin and outside of the disk ψout are:
ψout = ψ0(
r2
a2
− a
2
r2
) cos 2φ, (39)
ψin = 0. (40)
The total electrical energy U is:
U =
1
2
∫∫
I+P
ρ(r)ψ(r)dA (41)
where I +P is the entire domain, dA is an area element,
and ρ(r) is the charge density in the system. However,
the sole charge is σ, and the induced charge on the surface
of the disk,
σ = er · (−∇ψ(r ≥ a))|r=a = −4ψ0a−1 cos 2φ, (42)
where er is the unit normal pointing away from the disk,
and  is the relative permittivity of the disk to that of free
space. The expression for U can be recast and evaluated:
U =
1
2
∫ ∞
a
∫ 2pi
0
σδ(r − a)ψ(r)rdφdr = 0, (43)
where δ is the Dirac delta function. Recalling that, for
a grounded disk, ψ(r = a) = 0, U is zero. This result
agrees with the capillary energy we have derived for cir-
cular, pinned contact lines on curved interfaces, for which
the capillary energy is zero. In particular, there are no
terms in ψ20 , or analogously (a
2∆c0)
2 whose contributions
have been the subject of discussion [74, 87, 88].
2. A disk with an edge potential
Consider a dielectric disk of radius a with edge potential
ψ(r = a) = q cos 2φ in an unbounded domain with far
field potential ψext. Here, ψ
in is finite, as the disk po-
larizes owing to the edge potential. This finite potential
has no analogy in the capillary problem; this will propa-
gate throughout the calculation of U . For simplicity, we
consider a disk and external domain of the same relative
permittivity. The electric potentials inside and outside
the disk are subject to the boundary conditions:
ψin
∣∣
r=a
= ψout
∣∣
r=a
, (44)
er · (∇ψin −∇ψout)
∣∣
r=a
=
σ

, (45)
with solutions:
ψin = q
r2
a2
cos 2φ, (46)
ψout = q
a2
r2
cos 2φ+ ψ0(
r2
a2
− a
2
r2
) cos 2φ. (47)
Notice that ψout has the same form as h for a particle
with a pinned, quadrupolar contact line on a curved in-
terface. The corresponding egde charge density is:
σ = 4
(q − ψ0)
a
cos 2φ. (48)
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Since this is the sole charge in this system, U is:
U =
1
2
∫ ∞
0
∫ 2pi
0
σδ(r − a)ψ(r)rdφdr
= −2piψ0q + piq2 + piq2. (49)
We break this expression into three terms; the first two
are analogous to the net capillary energy for a particle on
a curved interface; these include the curvature capillary
energy Ecc in Equation (37) and the self energy owing to
the particle distortion in Equation (13). The third term,
of the same form as the self energy, is not present in the
capillary energy. To understand the origin of this term,
we use Gauss’s law to recast U :
U = − 
2
∮
∂(I+P )
(ψ∇ψ) · n dl + 
2
∫∫
I+P
(∇ψ)2dA, (50)
where the second integral can be decomposed into the
domains inside and outside of the disk:∫∫
I+P
(∇ψ)2dA =
∫∫
P
(∇ψin)2dA+
∫∫
I
(∇ψout)2dA. (51)
Then the contribution to U integrated over P is:

2
∫∫
P
(∇ψin)2dA = pi
∫ a
0
4q2
a4
r3dr = piq2. (52)
This is the energy required to polarize the disk. This
has no analogy in the capillary problem. The process
of charging the particle, which generates the poten-
tial inside of the particle, differs from the process of
undulating the contact line, which relies on wetting
energies or pinning sites. When this term is disregarded,
the analogy between electrostatics and capillarity holds.
a" b"
FIG. 7. Assemblies of particles on curved interfaces. (a) Re-
pulsive microparticles on surface with a negative Gaussian
curvature. Reprinted with permission from Reference [89],
copyright (2013), National Academy of Sciences. (b) SU-8
cylindrical particles move in deviatoric curvature gradient to
assemble around a square micropost. The red curve demon-
strates a ridge of local maxima, along which the structure
forms. Scale bar: 100 µm Reprinted with permission from
Reference [20], copyright (2011), National Academy of Sci-
ences.
B. Key Findings on Curved Interfaces
Spherical particles on curved interfaces have been an-
alyzed in several limits. Particles with a contact angle of
90◦ on bounded cylindrically-shaped interfaces are pre-
dicted to induce quadrupolar distortions that drive as-
sembly [50]. Particles with contact lines at equilibrium
on unbounded interfaces are predicted either to interact
with capillary energies that are quadratic in the devia-
toric curvature [90] or to fail to interact [87], depending
on the treatment of the far field boundary in evaluating
the interfacial area. Since contact line pinning is ubiq-
uitous, this case is difficult to interrogate in experiment.
Finally, particles with pinned contact lines on unbounded
interfaces have been addressed. This case, which is iden-
tical to the case of a disk on the interface except for the
constant wetting energy terms, is discussed in section V.
Structures that clearly reveal quadrupolar symmetries
were observed on interfaces with complex curvatures.
The interfaces were formed by placing droplets of oil on
surfaces with patterned hydrophobic surfaces; the result-
ing interfaces had constant mean curvature but spatially
varying deviatoric curvatures [89]. Charged spherical
microparticles on these interfaces form a square lattice
characteristic of capillary quadrupolar interactions bal-
anced by electrostatic repulsion as shown in Figure 7a.
The square lattice is strained, consistent with the par-
ticle quadrupolar distortion aligning along the spatially
varying principle axes. At particle densities greater than
0.33, however, hexagonal lattices begin to appear, indi-
cating that at dense packings, the quadrupolar modes are
no longer dominant. Spherical particles also respond
dynamically to curved interfaces. Silica colloids at air-
water interfaces displayed different behaviors depending
on particle wetting [52]. For contact angles up to 5◦,
particles settle to the minimum interface height, which is
consistent with weak capillary interaction. For a contact
angle of ∼ 30◦, particles migrate along the principal axis
to equilibrium sites.
We have studied the dynamics of microparticles on
curved water-oil interfaces for several particle shapes in-
cluding disks [74], spheres [87] and cylinders [20]. These
experiments are performed on interface shapes molded
around a micropost. A vertical cylindrical micropost
hundreds of microns in diameter is fabricated from epoxy
resin on a silicon substrate. The post is surrounded by
a low ring, located several capillary lengths away. This
space is filled with water so that the contact line pinned
is at the edge of the micropost. The maximum slope of
the interface occurs at the micropost given by the angle
ψ ∼ 15◦ with the horizontal. A layer of hexadecane is
gently placed over this water layer to prevent evapora-
tion, dampen stray convection, and to allow particles to
be introduced to the interface via sedimentation through
the oil. This apparatus is placed under an optical micro-
scope and imaged from above; particle trajectories are
recorded and analyzed. Near the post, in the region of
interest, the interface height decays logarithmically with
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FIG. 8. Curvature capillary migration of disk (a), sphere (b) and cylinder (c). Left-most column shows the time-stamped
image of trajectories of microparticles migrating toward a circular micropost. Center column shows curvature capillary energy
for particles are linear in deviatoric curvature. Right-most column plots power law dependence of center-to-center separation
distance (L) versus contact time. (a) Inset: side view of the curved interface. Scale bars are 100 µm. (a) Reprinted from
Reference [74], copyright (2015), with permission from Elsevier. (b) Adapted from [87] with permission from The Royal Society
of Chemistry. (c) Reprinted with permission from [20], copyright (2011), National Academy of Sciences.
distance L from the center of the micropost. In this re-
gion, the mean curvature is negligible and the deviatoric
curvature ∆c0 is known, ∼ −L−2. Particles attach to
the interface and migrate along the curvature gradient
to sites of high deviatoric curvature, in agreement with
the predictions in Equation 37. Results are summarized
in Figure 8, including time-stamped images of typical tra-
jectories, with the energy dissipated along a particle path
and observed power laws implied by the equality of vis-
cous drag and the curvature capillary force. The energy
dissipated versus deviatoric curvature is linear in ∆c0
with coefficient of linear regression R2 = 0.999 or bet-
ter. As the cylindrical microparticle migrates, it aligns
its quadrupolar rise axis with the rise axis toward the mi-
cropost, in agreement with the capillary torque implied
by Equation 37. Recent work reveals analogies between
capillary migration on curved fluid interfaces and Janus
bead migration on tense lipid bilayer vesicles (Fig.9).
The tense vesicle shape obeys the Young-Laplace equa-
tion. The particle migrates along curvature gradients
on GUVs, giant unilamellar vesicles, stretched to impose
curvature fields, with energy dissipated linearly in the de-
viatoric curvature [21]. For all of these studies, the inter-
face slope is small and the particle is much smaller than
the micropost. In recent work, we have challenged these
assumptions. That discussion is outside of the scope of
this review.
C. Summary
The discussion of lattice formation by repulsive par-
ticles on interfaces with weakly varying deviatoric cur-
vatures is one interesting limit for structure formation
on curved interfaces. Particles formed a square lattice,
and neither assembled nor migrated. Structure formation
on interfaces with strong curvature gradients is another
interesting limit. For example, consider cylindrical par-
ticles on an interface pinned to a square micropost (see
Fig. 7b). Curvature gradients near the corners are very
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FIG. 9. Particle trapped on a lipid vesicle. (a) Schematic
of a Janus particle wrapped on a lipid bilayer. (b) Particle
migration on a tense lipid vesicle. Adapted with permission
from [21], copyright 2017, ACS.
steep; particles migrate along curvature gradient lines
to form trapped structures influenced by the curvature
gradients, and particle pair interactions, and potentially
by multibody effects and local non-linearities. Between
these limits, tunable structures informed by curvature
gradients may be formed. This is a focus of ongoing
work.
VI. CONCLUSIONS
Capillary interactions between colloids at fluid inter-
faces direct their assembly into structures with preferred
orientations, cemented by capillary bonds whose strength
depends strongly on particle shape, including features
like elongations, the existence of facets or sharp edges
and roughness. Contact line pinning plays a major role;
contact line undulations on the scale of nanometers can
create significant interface distortions and capillary in-
teractions. Interface curvature-in particular, finite devi-
atoric curvature-plays a central role in assembly and in
guiding structure formation. In this review, we have sum-
marized the key arguments behind pair interactions and
curvature capillary interactions for interfaces with small
slopes. We have endeavored to summarize several find-
ings that exemplify different aspects of the relationship
between particle shape, contact line pinning, interface
shape and interactions. Work in the field is in its early
stages and developing at a rapid pace, both in terms of di-
rected assembly of particles, and in terms of fundamental
understanding of the interactions and their implications
in other, related systems.
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